Abstract. We develop an essentially algebraic method to study biharmonic curves into an implicit surface. Although our method is rather general, it is especially suitable to study curves into surfaces defined by a polynomial equation: in particular, we use it to give a complete classification of biharmonic curves into real quadrics of the 3-dimensional Euclidean space.
Introduction
Biharmonic curves γ : I ⊂ R → (N, h) of a Riemannian manifold are the solutions of the fourth order differential equation
where ∇ is the Levi-Civita connection on (N, h) and R is its curvature operator.
As we shall detail in the next section, they arise from a variational problem and are a natural generalization of geodesics. In the last decade biharmonic curves have been extensively studied and classified in several spaces by analytical inspection of (1.1) (see, for example, [1, 2, 3, 4, 5, 6, 7, 8, 9, 15] ) .
Although much work has been done, the full understanding of biharmonic curves in a surface of the Euclidean three-dimensional space is far from been achieved. As yet, we have a clear picture of biharmonic curves in a surface only in the case that the surface is invariant by the action of a one parameter group of isometries of the ambient space. For example, in [2] it was proved that a biharmonic curve on a surface of revolution in the Euclidean space (invariant by the action of SO (2)) must be a parallel, that is an orbit of the action of the group on the surface. This property was then generalized to invariant surfaces in a 3-dimensional manifold [15] .
The main obstacle in trying to describe and classify biharmonic curves on a surface by analytical methods is that (1.1) is a fourth order differential equation which is very hard to tackle.
In this paper we propose a scheme to classify biharmonic curves on a quadric in the threedimensional Euclidean space by using only algebraic methods. The main point is that a quadric can be described implicitly by a polynomial equation F (x, y, z) = 0 and we will show that the biharmonic candidates must be the intersection of the given quadric with another specific algebraic surface G(x, y, z) = 0. The latter property allows us to classify the biharmonic curves into any non degenerate quadric.
In the last paragraph we give some examples to show how to use this approach for other implicit surfaces.
Preliminaries
Harmonic maps are critical points of the energy functional
) is a smooth map between two Riemannian manifolds M and N.
In analytical terms, the condition of harmonicity is equivalent to the fact that the map ϕ is a solution of the Euler-Lagrange equation associated to the energy functional (2.1), i.e.
The left member of (2.2) is a vector field along the map ϕ, or, equivalently, a section of the pull-back bundle ϕ −1 (T N): it is called tension field and denoted τ (ϕ). A related topic of growing interest deals with the study of the so-called biharmonic maps: these maps, which provide a natural generalisation of harmonic maps, are the critical points of the bienergy functional (as suggested by Eells-Lemaire [10] )
In [12] Jiang derived the first variation and the second variation formulas for the bienergy.
In particular, he showed that the Euler-Lagrange equation associated to E 2 (ϕ) is
where J denotes (formally) the Jacobi operator of ϕ, △ is the rough Laplacian on sections of ϕ −1 (T N) that, for a local orthonormal frame
and
is the curvature operator on (N, h). We point out that (2.4) is a fourth order semi-linear elliptic system of differential equations. We also note that any harmonic map is an absolute minimum of the bienergy, and so it is trivially biharmonic. Therefore, a general working plan is to study the existence of biharmonic maps which are not harmonic: these shall be referred to as proper biharmonic maps. We refer to [14] for existence results and general properties of biharmonic maps.
Let now γ : I → (N, h) be a curve parametrized by arc length, from an open interval I ⊂ R to a Riemannian manifold. In this case, putting T = γ ′ , the tension field becomes τ (γ) = ∇ T T and the biharmonic equation (2.4) reduces to
In order to describe geometrically equation (2.6), let us recall the definition of the Frenet frame.
Definition 2.1 (See, for example, [13] ). The Frenet frame {F i } i=1,...,n associated to a curve γ : I ⊂ R → (N n , h), parametrized by arc length, is the orthonormalisation of the (n+1)-uple {∇
)} k=0,...,n described by:
where the functions {k 1 , k 2 , . . . , k n−1 } are called the curvatures of γ and ∇ γ is the Levi-Civita connection on the pull-back bundle γ −1 (T N). Note that F 1 = T = γ ′ is the unit tangent vector field along the curve.
Using the Frenet frame, the biharmonic equation (2.6) reduces to a differential system involving the curvatures of γ and if we look for proper biharmonic solutions, that is for biharmonic curves with k 1 = 0, we have
be a curve parametrized by arc length from an open interval of R into an n-dimensional Riemannian manifold (N n , h). Then γ is proper biharmonic if and only if:
As a special case of (2.7), if γ :
) is a curve into a surface, then γ is proper biharmonic if and only if (2.8)
where K is the Gaussian curvature of the surface (N 2 , h).
Formulas for the curvatures of implicit surfaces and implicit curves
Let F : R 3 → R be a differentiable function: we shall assume that, for all p ∈ N 2 = F −1 (0), (grad F )(p) = 0, so that N 2 is a regular surface in R 3 . If we denote by C HF the cofactor matrix of the Hessian HF of F , the Gaussian curvature of the surface N 2 is given by (see, for example, [11] )
Let now F : R 3 → R and G : R 3 → R be two differentiable functions such that F −1 (0) and G −1 (0) are, as above, two regular surfaces in R 3 , and also assume that in all points p ∈ F −1 (0)∩G −1 (0) the gradients grad F and grad G are linearly independent. Then F −1 (0)∩ G −1 (0) defines the trace of a regular curve in R 3 that, locally, can be parametrized by arc length as γ(s) = (x(s), y(s), z(s)), s ∈ (a, b). The unit tangent vector to γ is then
The curve γ can be seen as a curve both of F −1 (0) and
where ϑ is the angle between (grad F )(p) and (grad G)(p), that is
The proof of (3.2) is immediate. In fact, k(s) is the norm of γ ′′ (s) = d 2 γ/ds 2 which is normal to T . Thus
can be expressed by:
Finally, looking at γ(s) as a curve in the surface F −1 (0), at a point p = γ(s) the geodesic curvature k 1 (s), the normal curvature k F n (p) and the curvature k(s) are related by the formula (3.3)
Thus, combining (3.2) and (3.3), we have the following proposition.
Proposition 3.1. Let F : R 3 → R and G : R 3 → R be two differentiable functions such that F −1 (0) and G −1 (0) are two regular surfaces in R 3 . Assume that in all points p ∈ F −1 (0)∩G −1 (0) the gradients grad F and grad G are linearly independent. Then the geodesic
Moreover, taking twice the derivative of F (γ(s)) = 0, we find
It follows that
and, similarly,
The main point here is that, to compute the geodesic curvature of the curve γ defined as in Proposition 3.1, there is no need to parametrize the intersection curve, because (3.4) can be explicitly written in terms of grad F , grad G and the Hessian matrices HF and HG.
Biharmonic curves into real quadrics
Let Q be a real, non degenerate quadric in R 3 . Then, with respect to an adapted orthonormal frame of R 3 , Q = F −1 (0) where If ξ = ζ = 1 and a = b = c, then the quadric is a sphere and the proper biharmonic curves are the circles of radius √ 2a/2, a result proved in [2] . In all the other cases, combining (2.8) and (4.3), we conclude that if there exists a proper biharmonic curve, it must be the intersection of the given quadric with an ellipsoid of the type
where d ∈ R . Similarly, a quadric without center can admit a proper biharmonic curve only if η > 0 . In this case, the biharmonic curve, if there exists, must be the intersection of the given quadric with a cylinder of the type
where e ∈ R .
We are now in the right position to state the main result of the paper.
Theorem 4.1. Let Q be a non degenerate quadric which is not a sphere. Proof. We shall begin considering quadrics with center. As we proved above, if there exists a proper biharmonic curve γ, it must be the intersection of Q with an ellipsoid (4.5), i.e.
(4.8) γ :
with ξ ζ > 0. Suppose that ξ = ζ = 1: then, using (3.4), we can compute the geodesic curvature of the intersection curve γ as a curve of the quadric Q. A long, but straightforward, computation yields:
, where
Now, since Q is not a sphere, we can assume that a ≥ b > c. Moreover, the curve γ is a real curve with infinity points if and only if d 2 c 2 − 1 > 0 . Under these hypotheses the curve γ can be parametrized by
where
When Q is a quadric without center, as in (4.2), a proper biharmonic curve γ, if it exists, must be, as we have remarked above, the intersection of Q with a cylinder, i.e.
(4.13) γ :
where e 2 > 1 . Now, our method leads us to the following expression for the geodesic curvature k 1 of γ :
In this case we propose a purely algebraic inspection of (4.14) to show that k 2 1 is constant if and only if a = b. First we observe that the points The condition k 2 1 (P 1 ) = k 2 1 (P 2 ) is equivalent to a second degree equation in e 2 which admits no positive solutions if a = b. Therefore in this case k 2 1 cannot be constant along γ. Conversely, if a = b, then λ n = a n (x 2 + y 2 ) = a n+4 (e 2 − 1) and k 2 1 is constant. Finally, under the hypothesis a = b, the biharmonicity condition, k 2 1 − K = 0, becomes 1 a 4 e 4 (e 2 − 1) = 0 , which has no solution.
Applications to other types of implicit surfaces
In this section we discuss two examples where it is possible to apply the scheme used to classify biharmonic curves into quadrics. The surface N 2 is a surface of revolution that, for n = 1 and c = 1, reduces to an ellipsoid. In this case, the curves with constant Gauss curvature are the parallels given by the intersection
